The localized model of the beam-shape coefficients for Gaussian beam-scattering theory by a spherical particle provides a great simplification in the numerical implementation of the theory. We derive an alternative form for the localized coefficients that is more convenient for computer computations and that provides physical insight into the details of the scattering process. We construct a FORTRA_ program for Gaussian beam scattering with the localized model and compare its computer run time on a personal computer with that of a traditional Mie scattering program and with three other published methods for computing Gaussian beam scattering.
Introduction
Although the history of numerical Mie theory computations dates back almost to the time of Mie and Debye, 1 it was not until a widely published numerically stable computer code 2-4 could be run quickly on low-cost personal computers 5 that plane-wave Mie theory computations became commonplace.
In recent years progress has also been made on the numerical implementation of other scattering problems.
For example, a number of computational methods for calculation of scattering of a focused Gaussian beam by a spherical particle have been devised. In these methods the Gaussian beam is expanded either in an infinite series of particle waves _-a or in an angular spectrum of plane waves. _-u These expansions have considered not only the We found that for an on-axis beam, i.e., a beam propagating along the z axis, the localized model accurately describes a focused Gaussian beam with the focal waist half-width w0 satisfying X/(2V_Wo) < 0.15. For an off-axis beam, i.e., a beam propagating parallel to but not along the z axis, the localized model accurately describes a Gaussian beam for _,/(2_vw0) _< 0.10, although the accuracy depends to some extent on the aspect of the scattering that is being examined. In this paper we consider a different application of the localized model, namely, the construction of a stable and relatively fast-running computer code for Gauss-Jan beam scattering that can be implemented on a personal computer. The body of this paper proceeds as follows. In Section 2 we give the basic formulas for far-field scattering of a focused off-axis Gaussian beam by a spherical particle.
We also give the localized model expressions for the beam-shape coefficients that describe the Gaussian beam.
We 
Localized Model of Gaussian Beam Scattering
Consider a Gaussian beam focused to the halt-width w0 at the point (xf, yfzf) that is incident upon a spherical particle whose center is at the origin of coordinates. This is shown in Fig. l(a) . The radial components of the beam's electric and magnetic fields are Ein¢ tad (r, 0, _b) and Bi._ _ (r, 0, ¢b), respectively.
The spherical particle has radius a and refractive index n.
In the notation of Ref. 18, the far-field scattered intensity is
where the scattering amplitudes $1 and $2 are given by
(2)
In Eqs.
(1) and (2)
is the wave number of the incident beam. The partial-wave scattering amplitudes cqm and _t," are given by 
The accuracy of Eqs. (7)-(12) in approximating Eqs.
(5) for a focused off-axis Gaussian beam was examined in Refs.
15 and 17-19. Equations (7)-(12), however, are not in optimal form for numerical computations.
In particular the Kronecker delta implies that for a given value of j, only one value ofp is considered.
When this is taken into account, the resulting infinite series in j is recognized as that of a Bessel function. 2°The localized beam-shape coefficients
Arm m¢ and Bt= m_ may then be written in the more compact form 
Eqs. (14)-(18) may be rewritten as [--irf=lm-1 A_m
Iz +_]
Again Eqs. to be the most efficient form when the particle is within the focal waist of the beam.
Numerical Implementation of the Localized Model for Gaussian Beam Scattering
In Section 3 we discuss three numerical aspects of the computation of the far-field scattered intensity of Eqs. (1) and (2).
These are (a) the evaluation of J,(P) and I_(Q) in the expressions for the beam-shape coefficients;
(b) an algorithm patterned after Wiscombe's method in plane-wave Mie theory 3 for calculation of the angular functions _l_0(0) and _tl_l(0); and (c) the finding that the entire range ofm values in Eqs.
(2), i.e., -l < m _ l, need not be computed. We determine the value of rnm= for which inclusion of the terms -rn_ < m < m_ in Eqs.
(2) yields accuracy of I in 10 s in the computation ofI(r, 0, _b). is rapidly convergent, and for Re Q > 12 and Re Q > n, the asymptotic series
A. Modified Bessel Functions

Consider
may be used efficiently.
No upper limit for the k sum is given in Eq. (26) because the asymptotic series diverges;
i.e., the terms of the series become smaller and smaller, reach a minimum size, and then become larger and larger.
Using the remainder theorem for an alternating series, _ we achieve the best approximation to I_(Q) when all the terms up to and including one before the smallest term are summed. For Im Q _ 0, the computed values of In(Q) were checked to make sure that they satisfied the symmetry relation 25
The value of k_ in Eqs. (27) and (28) is valid only if Re Q > 11m Q I, or when
B. Bessel Functions
Consider the Bessel function J,,(P). If Re P < 12 or Re P < n + 2, the Taylor series expansion
is rapidly convergent. Convergence of l m 10 s was achieved when the upper limit of the k sum was
where L is the spreading length of the Gaussian beam.
For Re Q < IIra Q I it was found that the number of terms required for convergence rapidly increased, rendering this method of computation inefficient.
Within the beam focal waist given by Eq. (30), if zf > 0, the beam is converging at the position of the spherical particle and Im Q > 0. Ifzf = 0, the beam focuses in the plane that contains the particle, and
Im Q = 0. If zf < 0, the beam is diverging at the position of the particle, and Im Q < 0. The positioning of the particle in the beam and its corresponding location in the complex Q plane are illustrated in 
We call the first term in each series in Eq. (34) the k = -1 term, the second term k = 1, the third term k = 3, 
pl;_ = rlZ2 exp(iO/2).
On the other hand, if the beam focuses downstream from the particle with zf > 0, Eq. (16) yields -Re P > Im P and Im P > 0. The positioning of the particle in the beam and its corresponding location in the complex P plane are illustrated in Fig. 3 . Contrary to the situation in Fig. 2 , the zf > 0 region is disjoint from the zf < 0 region, but satisfies the symmetry relation 
C. Angular Functions
The angular functions _qlml(O) and _llml(O) satisfythe recursion relationstS
with the starting values 
where the largest partial wave l_,_ is given by 3.4
the size parameter X is 2v:a
and the value of rn_ is yet to be determined. For the examination of low-order MDR's, the value of l=_, may have to be increased somewhat. _ Numerically it has been found that as m increases for a fixed value of l, At" = and Bt" = rapidly decrease, and l-lt=(O) and vt_(O) rapidly increase, but the product of the beamshape coefficients and the angular functions, which we call the weighted beam-shape coefficients, also rapidly decreases, ts This permits truncation of the m sums in Eqs. (49) at rn=_ << l with little loss in accuracy.
This result may be demonstrated analytically as follows.
Consider for simplicity the case zf = 0 so that Q is real.
Consider also a relatively high partial wave, a small beam focal waist, or a relatively large off-center impact of the beam on the sphere so that Q > 12.
Ifxf _ 0 andyf = 0, the beam-shape coefficients are given by Eqs. (23) .
We now examine these expressions as a function of m.
When ra is small, I'=t(Q) may be approximated by the first two terms of Eq. shape coefficients are roughly equal and decrease almost exponentially as a function of re. Figure  4 suggests that the m sum in Eqs. (49) may be cut off for large Q and i at rnm= << l with minimal loss in accuracy.
The cutoff value mm_ was determined by the criterion
x (2,rrQ)I/Zexp(-Q) < 10 -8. 
Timing Study of the Localized Model of Gaussian Beam Scattering
To assess the performance of our Oaussian beamscattering program, we tested it on the situation in which a = 50 _m, n = 1.333, k = 0. But for them to see the effects that they were looking for, the incident beam had to be more tightly focused, i.e., Qm_, = 37. Their beam localization of s = 0.084 is near the limit of the validity of the localized model for an off-axis beam, so 
or for focusing somewhat outside the edge of the particle. As an example, the TEss.1 resonance has l = 58, i = 1, andX = 47.3094299 for n ffi 1.36. Expression (60) also shows that the low azimuthal modes m of the MI)R are all excited to nearly the same extent, whereas the degree of excitation of the high azimuthal modes fall offrapidly. This is illustrated in Fig. 5 
